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Abstract
We study the 5D static Einstein-Maxwell equations with a dilaton field.
We construct an infinte number of solutions by using a soliton tech-
nique. We study the rod structure of 2-soliton solution and show the 5D
dilatonic black ring and black hole solutions are included.
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1 Introduction
Ever since the discorvery of the black ring solution by Emparan and Reall[1],
much efforts have been made to find the solutions in five dimensions. The 5D
black holes exhibit qualitative new properties in contrast with the siblings
in four dimensions. Emparan and Reall made use of the C-metric, that
enabled them to obtain their paticular solution. After that, many solution
generating techniques have been developed[2]-[10]. One of them is to use the
inverse scattering method(ISM)[11], and the symmetries of the theory after
the dimensional reduction are also made use of in genelating new solutions.
One of the authors applied ISM to the 5D static Einstein equation[12], and
then we also applied this method to the 5D stationary Einstein equation[13].
The 5D rotating black ring solution is the solution in which the gravity and
cetrifigual forces cancel. We expected to construct the solution to the 5D
Einstein-Maxwell(EM) equations in which the gravity and electric repulsive
forces cancel in the static case, and found a charged black ring solution
with a conical singularity[14]. In these series of papers, we have shown an
infinite number of solutions which shows that these equations are completely
integrable systems, as in the 4D case[15]-[19]. Our conjecture is that the
black hole solutions are given by the soliton solutions also in the 5D case.
The study of 5D stationary Einstein equation with electric and dilatonic
charges, which is inspired from the string theory and the brane-world scenario
with large extra dimensions, is intereresting, but the solution has not been
found yet. As an first step forward it, we study the 5D static case. The pur-
pose of the present paper is to study the 5D Einstein-Maxwell-dilaton(EMd)
equations and show its complete integrability by explicit construction of an
infinite number of solutions. We study the 2-soliton solution in detail to in-
vestigate whether the solutions include a black ring solution without conical
singularity or not. We found the works[9][20]-[22] in which the 5D EMd equa-
tions are studied and the black ring solutions are obtained, but the methods
used there are different from our explicit construction of an infinite number
of solutions.
The reason why we can apply the ISM to the 5D EMd equations is
that there is a similarity between the 2D soliton equation and the higher-
dimensional Einstein equation with axial symmetry. The higher-dimensional
Einstein equation with axial symmetry is expressed in terms of the canonical
variables ρ and z. Both the soliton and the Einstein equations are written as
a 2D zero-curvature equation with these variables. When we add the dilaton
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and electro-magnetic fields to the vacuum Einstein equation, the EMd system
does not seem to be cast to the 2D zero-curvature equation at the first glance,
but we are able to derive the 2D zero-curvature equation after introducing
new functions. We already used a similar method to study equilibrium of
two dilaton black holes with electric charges in four dimensions[19].
This paper is constructed as follows. In the following section, we show an
infinite number of soliton solutions to the EMd equations by introducing new
functions. The new functions are fit to express them as the 2D zero-curvature
equation, which enables us to yield the soliton solutions. We leave the value
of the dilaton coupling strength arbitrary throughout this paper. In section
3, we discuss the 2-soliton solution in detail, which generally corresponds to
black ring and/or black hole solutions. We analyse the solution by studying
the rod structure of the solution, and show the 2-soliton solution is a black
ring solution with electric and dilatonic charges but there is a conical singu-
larity. By removing this conical singularity, we obtain the 5D dilatonic black
hole solution. The last section is devoted to summary and discussion.
2 Solutions of Einstein-Maxwell-dilaton equa-
tions
The action of 5D EMd gravity is given by
S =
1
16pi
∫
d5x
√−g
(
R − 8
3
gµν∂µΦ∂νΦ− 1
2
e−
4
3
αΦFµνF
µν
)
, (1)
and metric we consider is given by
ds2 = f(dρ2 + dz2) + gabdx
adxb, (a, b = 0, 1, 2) (2)
where f and gab are functions of ρ and z. The 5D EMd equations read
Rµν =
4
3
∂µΦ∂νΦ+ 2e
−
4
3
αΦ
(
F µσFνσ − 1
6
δµνF
βσFβσ
)
, (3)
∇2Φ = −α
2
e−
4
3
αΦFβσF
βσ, (4)
(e−
4
3
αΦF µν);µ = 0, (5)
with
Fµν = Aν ,µ−Aµ,ν . (6)
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Here α is a constant. We solve these equations under the static condition
with the coordinate condition det g = −ρ2. We also assume that there is
only electric charge. Then, the part of the metric g = (gab) and the U(1)
gauge field are assumed to have the following form:
g = diag
(
−h−11 h−12 ,
[√
ρ2 + z2 − z
]
h1,
[√
ρ2 + z2 + z
]
h2
)
, (7)
A0 = −χ, A1 = A2 = Aρ = Az = 0, (8)
where h1 and h2 are functions of ρ and z, and χ(ρ, z) is the electrostatic
potential. Then, the EMd equations are explicitly written as
[ρ(ln hi),ρ ],ρ+[ρ(ln hi),z ],z = −4ρ
3
h1h2e
−
4
3
αΦ(χ,2ρ+χ,
2
z ), (i = 1, 2)(9)
(ln f),ρ+
ρ
ρ2 + z2
− 1
2
(
ρ√
ρ2 + z2
[(ln h1),z−(ln h2),z ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln h1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(ln h2),ρ
+ρ[(ln h1),
2
ρ+(ln h2),
2
ρ+(ln h1),ρ (lnh2),ρ ]
−ρ[(ln h1),2z +(ln h2),2z +(ln h1),z (lnh2),z ]
)
= −2ρ
[
h1h2e
−
4
3
αΦ(χ,2ρ−χ,2z )−
2
3
(Φ,2ρ−Φ,2z )
]
, (10)
(ln f),z +
z
ρ2 + z2
− 1
2
(
− ρ√
ρ2 + z2
[(ln h1),ρ−(ln h2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln h1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(lnh2),z
+2ρ[(ln h1),ρ (ln h1),z +(lnh2),ρ (ln h2),z ]
+ρ[(ln h1),ρ (ln h2),z +(ln h1),z (ln h2),ρ ]
)
= −4ρ
(
h1h2e
−
4
3
αΦχ,ρ χ,z−2
3
Φ,ρ Φ,z
)
, (11)
(ρh1h2χ,ρ ),ρ+(ρh1h2χ,z ),z =
4ρ
3
αh1h2(Φ,ρ χ,ρ+Φ,z χ,z ), (12)
∇2Φ = αh1h2e− 43αΦ(χ,2ρ+χ,2z ), (13)
where ∇2 = ∂2ρ + ∂ρ/ρ + ∂2z . In order to solve these equations, we first
solve Eqs.(9), (12) and (13) to obtain hi, Φ and χ, and then by substituting
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the solutions into Eqs.(10) and (11), we integrate them to obtain f . The
technique is introductions of new functions by which the equations become
simpler.
Note that Eq. (9) is written as
∇2(ln hi) = −4
3
h1h2e
−
4
3
αΦ(χ,2ρ+χ,
2
z ). (i = 1, 2) (14)
Then, combining these equations with Eq. (13), we obtain
∇2(ln hi + 2α
3
Φ) =
2
3
(α2 − 2)h1h2e− 43αΦ(χ,2ρ+χ,2z ), (i = 1, 2) (15)
∇2(ln hi − 2α
3
Φ) = −2
3
(α2 + 2)h1h2e
−
4
3
αΦ(χ,2ρ+χ,
2
z ). (i = 1, 2) (16)
By defining Hi and H¯i by
Hi = hie
2α
3
Φ, H¯i = hie
−
2α
3
Φ, (i = 1, 2) (17)
these equations are rewritten as
∇2 lnHi = 2
3
(α2 − 2)H¯1H¯2(χ,2ρ+χ,2z ), (i = 1, 2) (18)
∇2 ln H¯i = −2
3
(α2 + 2)H¯1H¯2(χ,
2
ρ+χ,
2
z ), (i = 1, 2) (19)
and Eq. (12) reads
(ρH¯1H¯2χ,ρ ),ρ+(ρH¯1H¯2χ,z ),z = 0. (20)
From Eq. (17) we have the relations
H1
H2
=
H¯1
H¯2
=
h1
h2
, (21)
and the equations in Eq. (17) are inversely solved to yield the relations
Φ =
3
4α
(lnHi − ln H¯i), (i = 1, 2) (22)
ln hi =
1
2
(lnHi + ln H¯i). (i = 1, 2) (23)
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By using these expressions, Eqs. (10) and (11) are rewritten as
(ln f),ρ+
ρ
ρ2 + z2
− 1
4
(
ρ√
ρ2 + z2
[(lnH1),z−(lnH2),z ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnH1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(lnH2),ρ
+
α2 + 2
2α2
ρ
[
(lnH1),
2
ρ+(lnH2),
2
ρ+(lnH1),ρ (lnH2),ρ
−(lnH1),2z−(lnH2),2z−(lnH1),z (lnH2),z
])
−1
4
(
ρ√
ρ2 + z2
[(ln H¯1),z −(ln H¯2),z ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),ρ
+
α2 + 2
2α2
ρ
[
(ln H¯1),
2
ρ+(ln H¯2),
2
ρ+(ln H¯1),ρ (ln H¯2),ρ
−(ln H¯1),2z−(ln H¯2),2z−(ln H¯1),z (ln H¯2),z
])
−α
2 − 2
8α2
ρ
[
2(lnH1),ρ (ln H¯1),ρ+2(lnH2),ρ (ln H¯2),ρ
+(lnH1),ρ (ln H¯2),ρ+(lnH2),ρ (ln H¯1),ρ
−2(lnH1),z (ln H¯1),z−2(lnH2),z (ln H¯2),z
−(lnH1),z (ln H¯2),z −(lnH2),z (ln H¯1),z
]
= −2ρH¯1H¯2(χ,2ρ−χ,2z ),(24)
(ln f),z +
z
ρ2 + z2
− 1
4
(
− ρ√
ρ2 + z2
[(lnH1),ρ−(lnH2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnH1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(lnH2),z
+
α2 + 2
2α2
ρ [2(lnH1),ρ (lnH1),z +2(lnH2),ρ (lnH2),z
+(lnH1),ρ (lnH2),z +(lnH1),z (lnH2),ρ ]
)
−1
4
(
− ρ√
ρ2 + z2
[(ln H¯1),ρ−(ln H¯2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),z
+
α2 + 2
2α2
ρ
[
2(ln H¯1),ρ (ln H¯1),z +2(ln H¯2),ρ (ln H¯2),z
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+(ln H¯1),ρ (ln H¯2),z +(ln H¯1),z (ln H¯2),ρ
])
−α
2 − 2
8α2
ρ
[
2(lnH1),ρ (ln H¯1),z +2(lnH2),ρ (ln H¯2),z
+2(ln H¯1),ρ (lnH1),z +2(ln H¯2),ρ (lnH2),z +(lnH1),ρ (ln H¯2),z
+(lnH2),ρ (ln H¯1),z +(ln H¯1),ρ (lnH2),z +(ln H¯2),ρ (lnH1),z
]
= −4ρH¯1H¯2χ,ρ χ,z , (25)
From Eqs. (18) and (19) we find Hi’s and H¯i’s are related up to harmonic
functions. Therefore, they are related to each other as
lnHi = −α
2 − 2
α2 + 2
ln H¯i + lnNi, (i = 1, 2) (26)
with the equation
∇2 lnNi = 0. (i = 1, 2) (27)
Substituting Eq. (26) into Eqs. (24) and (25), we have
(ln f),ρ+
ρ
ρ2 + z2
− 1
α2 + 2
(
ρ√
ρ2 + z2
[(ln H¯1),ρ−(ln H¯2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),z
+ρ
[
(ln H¯1),
2
ρ+(ln H¯2),
2
ρ+(ln H¯1),ρ (ln H¯2),ρ
−(ln H¯1),2z −(ln H¯2),2z −(ln H¯1),z (ln H¯2),z
])
−1
4
(
ρ√
ρ2 + z2
[(lnN1),z −(lnN2),z ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnN1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(lnN2),ρ
+
α2 + 2
2α2
ρ
[
(lnN1),
2
ρ+(lnN2),
2
ρ+(lnN1),ρ (lnN2),ρ
−(lnN1),2z−(lnN2),2z−(lnN1),z (lnN2),z
])
= −2ρH¯1H¯2(χ,2ρ−χ,2z ), (28)
(ln f),z +
z
ρ2 + z2
− 1
α2 + 2
(
− ρ√
ρ2 + z2
[(ln H¯1),ρ−(ln H¯2),ρ ]
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+√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),z
+ρ
[
2(ln H¯1),ρ (ln H¯1),z +2(ln H¯2),ρ (ln H¯2),z
+(ln H¯1),ρ (ln H¯2),z +(ln H¯1),z (ln H¯2),ρ
])
−1
4
(
− ρ√
ρ2 + z2
[(lnN1),ρ−(lnN2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnN1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(lnN2),z
+
α2 + 2
2α2
ρ [2(lnN1),ρ (lnN1),z +2(lnN2),ρ (lnN2),z
+(lnN1),ρ (lnN2),z +(lnN1),z (lnN2),ρ ]
)
= −4ρH¯1H¯2χ,ρ χ,z . (29)
In order to solve these equations, we introduce fN and fem by
f =
√
fN · fem, (30)
and require that fN should satisfy
(ln fN),ρ+
ρ
ρ2 + z2
− 1
2
(
ρ√
ρ2 + z2
[(lnN1),z−(lnN2),z ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnN1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(lnN2),ρ
+
α2 + 2
2α2
ρ
[
(lnN1),
2
ρ+(lnN2),
2
ρ+(lnN1),ρ (lnN2),ρ
−(lnN1),2z−(lnN2),2z−(lnN1),z (lnN2),z
])
= 0, (31)
(ln fN),z +
z
ρ2 + z2
− 1
2
(
− ρ√
ρ2 + z2
[(lnN1),ρ−(lnN2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(lnN1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(lnN2),z
+
α2 + 2
2α2
ρ [2(lnN1),ρ (lnN1),z +2(lnN2),ρ (lnN2),z
+(lnN1),ρ (lnN2),z +(lnN1),z (lnN2),ρ ]
)
= 0, (32)
which have similar forms to those of the corresponding equations in the 5D
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static vacuum case. Then, fem should satisfy
(ln fem),ρ+
ρ
ρ2 + z2
− 2
α2 + 2
(
ρ√
ρ2 + z2
[(ln H¯1),ρ−(ln H¯2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),z
+ρ
[
(ln H¯1),
2
ρ+(ln H¯2),
2
ρ+(ln H¯1),ρ (ln H¯2),ρ
−(ln H¯1),2z−(ln H¯2),2z−(ln H¯1),z (ln H¯2),z
])
= −4ρH¯1H¯2(χ,2ρ−χ,2z ), (33)
(ln fem),z +
z
ρ2 + z2
− 2
α2 + 2
(
− ρ√
ρ2 + z2
[(ln H¯1),ρ−(ln H¯2),ρ ]
+
√
ρ2 + z2 + z√
ρ2 + z2
(ln H¯1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln H¯2),z
+ρ
[
2(ln H¯1),ρ (ln H¯1),z +2(ln H¯2),ρ (ln H¯2),z
+(ln H¯1),ρ (ln H¯2),z +(ln H¯1),z (ln H¯2),ρ
])
= −8ρH¯1H¯2χ,ρ χ,z , (34)
which have similar forms to those of the corresponding equations in the 5D
electro-static case.
In order to solve Eqs. (19) and (20), we assume that the functions H¯1 and
H¯2 have following forms
H¯1 =
[
1− 4
3
(α2 + 2)cχ+
2
3
(α2 + 2)χ2
]−1/2
N1/2, (35)
H¯2 =
[
1− 4
3
(α2 + 2)cχ+
2
3
(α2 + 2)χ2
]−1/2
N−1/2, (36)
where N is a function of ρ and z, and c is a constant. Then, Eqs. (19) and
(20) are both put into the form
∇2χ = 4(α
2 + 2)(χ− c)
3− 4(α2 + 2)cχ+ 2(α2 + 2)χ2 (χ,
2
ρ+χ,
2
z ), (37)
with the Laplace equation for lnN
∇2 lnN = 0. (38)
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Next, we introduce a new function R(ρ, z) through the relation
χ =
e
R +m
, (39)
where e and m are constants satisfying
m =
2(α2 + 2)
3
ce. (40)
Then, Eqs. (35) and (36) lead to
H¯1 =
m+R√
R2 − d2N
1/2, (41)
H¯2 =
m+R√
R2 − d2N
−1/2, (42)
where
d =
√
3m2 − 2(α2 + 2)e2
3
. (43)
Equation (37) can also be expressed in terms of R as
∇2R = 2R(R2 − d2)−1(R,2ρ+R,2z ). (44)
Then, introducing a function h(ρ, z) through the relation
R = d
1 + h
1− h, (45)
we obtain the Laplace equation for ln h as
∇2 ln h = 0. (46)
Note that we can construct the solution to Eq.(37) for the electric potential
χ via R given in Eq.(45). We rewrite (33) and (34) in terms of χ and N .
Equation (33) is written as
(ln fem),ρ= − ρ
ρ2 + z2
− 8(χ− c)χ,ρ
3− 4(α2 + 2)cχ+ 2(α2 + 2)χ2
+
12ρ[2(α2 + 2)c2 − 3)](χ,2ρ−χ,2z )
[3− 4(α2 + 2)cχ+ 2(α2 + 2)χ2]2
10
+
2
α2 + 2
(
[z(lnN),ρ+ρ(lnN),z ]√
ρ2 + z2
+
ρ
4
[
(lnN),2ρ−(lnN),2z
])
, (47)
and Eq. (34) as
(ln fem),z = − z
ρ2 + z2
− 8(χ− c)χ,z
3− 4(α2 + 2)cχ+ 2(α2 + 2)χ2
+
24ρ[2(α2 + 2)c2 − 3)]χ,ρ χ,z
[3− 4(α2 + 2)cχ+ 2(α2 + 2)χ2]2
+
2
α2 + 2
(
− [ρ(lnN),ρ−z(lnN),z ]√
ρ2 + z2
+
ρ
2
(lnN),ρ (lnN),z
)
. (48)
By further introducing Qem(ρ, z) through
fem =
1
2
√
ρ2 + z2
[
1− 4
3
(α2 + 2)cχ+
2
3
(α2 + 2)χ2
]−2/(α2+2)
Qem, (49)
Eqs. (47) and (48) are expressed as
(lnQem),ρ=
2
α2 + 2
(
3ρ
4
[
(ln h),2ρ−(ln h),2z
]
+
ρ
4
[
(lnN),2ρ−(lnN),2z
]
+
[z(lnN),ρ+ρ(lnN),z ]√
ρ2 + z2
)
(50)
and
(lnQem),z =
2
α2 + 2
(
3ρ
2
(ln h),ρ (ln h),z +
ρ
2
(lnN),ρ (lnN),z
− [ρ(lnN),ρ−z(lnN),z ]√
ρ2 + z2
)
. (51)
We next rewrite Eqs. (31) and (32) in terms of N and N2. We rewrite these
equations by introducing QN (ρ, z) through
fN =
1
2
√
ρ2 + z2
QN , (52)
and taking account of the relation
N1
N2
= N2α
2/(α2+2), (53)
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Eqs. (31) and (32) are reduced to
(lnQN),ρ= (lnN2),ρ+
3(α2 + 2)ρ
4α2
[
(lnN2),
2
ρ−(lnN2),2z
]
+
3ρ
2
[(lnN2),ρ (lnN),ρ−(lnN2),z (lnN),z ]
+
α2
α2 + 2
(
(lnN),ρ+
z(lnN),ρ+ρ(lnN),z√
ρ2 + z2
+ ρ
[
(lnN),2ρ−(lnN),2z
])
, (54)
(lnQN),z = (lnN2),z +
3(α2 + 2)ρ
2α2
(lnN2),ρ (lnN2),z
+
3ρ
2
[(lnN2),ρ (lnN),z +(lnN2),z (lnN),z ]
+
α2
α2 + 2
(
(lnN),z − [ρ(lnN),ρ−z(lnN),z ]√
ρ2 + z2
+ 2ρ(lnN),ρ (lnN),z
)
. (55)
As is seen from Eqs. (27), (38) and (46), lnN2, lnN and ln h all satisfy the
Laplace equation. When we restrict ourselves only to the soliton solutions,
they can have solutions with different soliton numbers in general. However,
they are too rich in analysing them. In order to clarify the structure of the
solutions, we simplify the solution by assuming the ansatz that lnN2 and
lnN can be expressed in terms of ln h:
lnN2 =
2α2k1
α2 + 2
ln h, (56)
lnN = k2 ln h, (57)
where k1 and k2 are constants. Then, the functions h1 and h2 in Eq. (23) are
written in terms of h through the relations (26), (41), (42) and (53) as
h1 =
[
d(1 + h) +m(1− h)
2d
]2/(α2+2)
h[α
2k1+(α2+1)k2−1]/(α2+2), (58)
h2 =
[
d(1 + h) +m(1− h)
2d
]2/(α2+2)
h(α
2k1−k2−1)/(α2+2). (59)
From the definitions (30), (49) and (52), we find that f is now expressed as
f =
1
2
√
ρ2 + z2
[
1− 4
3
(α2 + 2)cχ+
2
3
(α2 + 2)χ2
]−1/(α2+2)√
QNQem. (60)
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The quantity Q defined by Q =
√
QNQem has a simple expression by using
the above ansatz as
(lnQ),ρ =
α2(2k1 + k2)
2(α2 + 2)
(ln h),ρ+
ρ
2
ν[(ln h),2ρ−(ln h),2z ]
+
k2
2
√
ρ2 + z2
[z(ln h),ρ+ρ(ln h),z ] , (61)
(lnQ),z =
α2(2k1 + k2)
2(α2 + 2)
(ln h),z +ρν(ln h),ρ (ln h),z
− k2
2
√
ρ2 + z2
[ρ(ln h),ρ−z(ln h),z ] , (62)
where
ν =
1
α2 + 2
(
3
2
+ 3α2k21 + 3α
2k1k2 +
2α2 + 1
2
k22
)
. (63)
The n-soliton solution for h is given by
h =
∏n
k(iµk)
ρn
, (64)
with the pole trajectories
µk = wk − z + (−1)k−1
√
(wk − z)2 + ρ2, (k = 1, 2, · · · , n) (65)
where wk(k = 1, 2, · · · , n) are constants. By using the formulas
ρ
2
[(ln h),2ρ−(ln h),2z ] =
∂
∂ρ
ln
[
ρn
2/2∏(µk − µl)2∏
(iµk)n−2
∏
(µ2k + ρ
2)
]
, (66)
[z(ln h),ρ+ρ(ln h),z ]
2
√
ρ2 + z2
=
∂
∂ρ
ln
[
(
√
ρ2 + z2 + z)n/2
∏
(iµk)
1/2
ρn/2
∏
(
√
ρ2 + z2 + z + µk)
]
, (67)
we obtain
Q = C(n)
ρν1
∏n
k(iµk)
ν2
∏n
k>l(µk − µl)2ν(
√
ρ2 + z2 + z)nk2/2∏n
k(
√
ρ2 + z2 + z + µk)k2
∏n
k(µ
2
k + ρ
2)ν
, (68)
where C(n) is a constant to be determined by the asymptotic flatness condi-
tion and
ν1 =
n2
2
ν − n
α2 + 2
[α2k1 + (α
2 + 1)k2], (69)
ν2 = −(n− 2)ν + 1
α2 + 2
[α2k1 + (α
2 + 1)k2]. (70)
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Here we summarize the result. The metric components are given by
g00 = −K−1h−(2α2k1+α2k2−2)/(α2+2), (71)
g11 = (
√
ρ2 + z2 − z)
√
Kh[α
2k1+(α2+1)k2−1]/(α2+2), (72)
g22 = −(
√
ρ2 + z2 + z)
√
Kh(α
2k1−k2−1)/(α2+2), (73)
gρρ = gzz =
C(n)
2
√
ρ2 + z2
√
K
× ρ
ν1
∏n
k(iµk)
ν2
∏n
k>l(µk − µl)2ν(
√
ρ2 + z2 + z)nk2/2∏n
k(
√
ρ2 + z2 + z + µk)k2
∏n
k(µ
2
k + ρ
2)ν
, (74)
and the dilaton field and the electric potential are given by
Φ = −3α
8
lnK +
3α(1 + 2k1 + k2)
4(α2 + 2)
ln h, (75)
χ =
e(1− h)
2d
K−(α
2+2)/4, (76)
where K is given by
K =
[
d(1 + h) +m(1− h)
2d
]4/(α2+2)
, (77)
and h is given by Eq.(64).
We illustrate the solution by taking n = 2 or 2-soliton solution case. In
this case, h and Q are given by
h = −µ1µ2
ρ2
, (78)
Q =
[
2(z0 + d)(
√
ρ2 + z2 + z)
(
√
ρ2 + z2 + z + µ1)(
√
ρ2 + z2 + z + µ2)
]k2
×
(
−µ1µ2
ρ2
)[α2k1+(α2+1)k2)]/(α2+2) [ ρ2(µ2 − µ1)2
(µ21 + ρ
2)(µ22 + ρ
2)
]ν
, (79)
where we have put w1 = z0 − d and w2 = z0 + d, and so µ1 and µ2 are given
by 

µ1 = z0 − z − d+
√
(z0 − z − d)2 + ρ2,
µ2 = z0 − z + d−
√
(z0 − z + d)2 + ρ2.
(80)
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By transforming the variable z to z + z0, we rewrite these poles as
 µ1 = −(z + d) +
√
(z + d)2 + ρ2,
µ2 = −(z − d)−
√
(z − d)2 + ρ2,
(81)
and define new poles by

µ = −(z + z0)−
√
(z + z0)2 + ρ2,
µ∗ = −(z + z0) +
√
(z + z0)2 + ρ2.
(82)
With these expressions, the 2-soliton solution is given by
g00 = −K−1h−(2α2k1+α2k2−2)/(α2+2), (83)
g11 = µ
∗
√
Kh[α
2k1+(α2+1)k2−1]/(α2+2), (84)
g22 = −µ
√
Kh(α
2k1−k2−1)/(α2+2), (85)
f =
h[α
2k1+(α2+1)k2−1]/(α2+2)
2
√
(z + z0)2 + ρ2
√
K
×
[ −2(z0 + d)µ
(µ1 − µ)(µ2 − µ)
]k2 [ ρ2(µ2 − µ1)2
(µ21 + ρ
2)(µ22 + ρ
2)
]ν
. (86)
We note that µ and µ∗ have the same forms as the poles µ1 and µ2. There-
fore, by regarding them as poles at different positions, we note the metric
components are completely expressed in terms of these poles. In the following
section, we analyse the rod structure of this 2-soliton solution. By requiring
the horizon to exist, we determine the parameters k1 and k2.
3 Analysis of Solutions
We now study ρ ∼ 0 behaviors of the metric components, or the rod structure
of the 2-soliton solution obtained in the previous section. We divide the z-
axis into four intervals separated by values z = −z0 and z = ±d and assume
that these parameters are ordered as follows, without loss of generality:
−∞ < −d < d < −z0 <∞. (87)
If gii ∝ ρ2 (i = 1, 2) in some interval, the rod is space-like and in ∂/∂xi
direction, and ρ-i plane is perpendicular to the z-axis. Going around the
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z-axis in the i-th direction, we study the period of the coordinate xi. The
behavior of the metric components for ρ ∼ 0 in each region is as follows.
(i) ∞ > z > −z0
g00 ∼ −
(
z +m
z + d
)
−4/(α2+2)
(
z − d
z + d
)
−(2α2k1+α2k2−2)/(α2+2)
, (88)
g11 ∼ ρ
2
2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)[α2k1+(α2+1)k2−1]/(α2+2)
, (89)
g22 ∼ 2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)(α2k1−k2−1)/(α2+2)
, (90)
f ∼ 1
2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)[α2k1+(α2+1)k2−1]/(α2+2)
. (91)
In this interval, we note that g11 ∼ O(ρ2). Since the rod is in ∂/∂x1 direction,
we study the period △x1 to find that
△x1 = 2pi lim
ρ→0
√
ρ2f
g11
= 2pi, (92)
which shows no conical singularity in this interval.
(ii) −z0 > z > d
g00 ∼ −
(
z +m
z + d
)
−4/(α2+2)
(
z − d
z + d
)
−(2α2k1+α2k2−2)/(α2+2)
, (93)
g11 ∼ −2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)[α2k1+(α2+1)k2−1]/(α2+2)
, (94)
g22 ∼ − ρ
2
2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)(α2k1−k2−1)/(α2+2)
, (95)
f ∼ − 1
2(z + z0)
(
z +m
z + d
)2/(α2+2) (z − d
z + d
)[α2k1+(α2+1)k2−1]/(α2+2)
×
[
(z + d)(z0 + d)
(z − d)(z0 − d)
]k2
. (96)
In this interval, we note that g22 ∼ O(ρ2), and the rod is in ∂/∂x2 direction.
So we study the period △x2 to find that
△x2 = 2pi lim
ρ→0
√
ρ2f
g22
= 2pi
(
z0 + d
z0 − d
)k2/2
, (97)
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which shows that the parameters should be adjusted to avoid the conical
singularity.
(iii) d > z > −d
g00 ∼ −
(
d+m
2d
)
−4/(α2+2)
[4(d2 − z2)](2α2k1+α2k2−2)/(α2+2)
× ρ−2(2α2k1+α2k2−2)/(α2+2), (98)
g11 ∼ −2(z + z0)
(
d+m
2d
)2/(α2+2)
[4(d2 − z2)]−[α2k1+(α2+1)k2−1]/(α2+2)
× ρ2[α2k1+(α2+1)k2−1]/(α2+2), (99)
g22 ∼ − 1
2(z + z0)
(
d+m
2d
)2/(α2+2)
[4(d2 − z2)]−(α2k1−k2−1)/(α2+2)
× ρ2(α2k1−k2+α2+1)/(α2+2), (100)
f ∼ − 1
2(z + z0)
(
d+m
2d
)2/(α2+2)
[4(d2 − z2)]−[α2k1+(α2+1)k2−1]/(α2+2)
×
[
4(d2 − z2)(z + z0)
z0 − d
]k2 ( d
d2 − z2
)2ν
ρ2(α
2k1−k2−1)/(α2+2)+2ν . (101)
The behavior in this interval depends on the values of α, k1 and k2.
(iv) −d > z > −∞
g00 ∼ −
(
z −m
z − d
)
−4/(α2+2)
(
z + d
z − d
)
−(2α2k1+α2k2−2)/(α2+2)
, (102)
g11 ∼ −2(z + z0)
(
z −m
z − d
)2/(α2+2) (z + d
z − d
)[α2k1+(α2+1)k2−1]/(α2+2)
,(103)
g22 ∼ − ρ
2
2(z + z0)
(
z −m
z − d
)2/(α2+2) (z + d
z − d
)(α2k1−k2−1)/(α2+2)
, (104)
f ∼ − 1
2(z + z0)
(
z −m
z − d
)2/(α2+2) (z + d
z − d
)(α2k1−k2−1)/(α2+2)
. (105)
In this interval, we note that g22 ∼ O(ρ2) as in the interval (ii), and the
period △x2 is given by
△x2 = 2pi lim
ρ→0
√
ρ2f
g22
= 2pi, (106)
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which shows that there is no conical singularity.
We first determine the values of the parameters of k1 and k2 by limiting
ourselves to finding physically interesting solutions. We investigate the black
hole solutions where the metric components should behave in the interval
(iii) as g00 ∼ ρ2, g11 ∼ ρ0, g22 ∼ ρ0, f ∼ ρ0. This turns out to require that
α2(2k1 + k2 + 1) = 0, (107)
α2k1 + (α
2 + 1)k2 − 1 = 0, (108)
α2k1 − k2 + α2 + 1 = 0, (109)
that determine the parameters as
{α2 = 0, k2 = 1}, or {k1 = −1, k2 = 1}. (110)
Noting that the solution with α2 = 0 is reduced to the 5D EM solution, we
fix k1 and k2 as k1 = −1, k2 = 1. Then, the rod in [−d, d] represents the
event horizon and is sandwiched by the rods in the same ∂/∂x2 direction.
This shows that the topology of the event horizon is S2× S1 as in the static
black ring and static charged black ring cases. Therefore, the solution in
Eqs. (83)-(86) with k1 = −1 and k2 = 1 is a black ring solution with electric
and dilatonic charges. The solution can be written as
g00 = −K−1h, (111)
g11 = µ
∗
√
K, (112)
g22 = −µ
√
Kh−1, (113)
f = − (z0 + d)
√
Kµρ2(µ2 − µ1)2√
(z + z0)2 + ρ2(µ1 − µ)(µ2 − µ)(µ21 + ρ2)(µ22 + ρ2)
, (114)
and dilaton fields and the electric potential are given by
Φ = −3α
8
lnK, (115)
χ =
e
2d
(1− h)K−(α2+2)/4. (116)
Note that when m = d and accordingly e = 0 and K = 1, the solution is
reduced to the static black ring solution.
In order to elucidate the structure of the solution given here, we introduce
the prolate spheroidal coordinates x and y by
ρ = d
√
(x2 − 1)(1− y2), (117)
z = dxy. (118)
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In these coordinates we have the expressions
h =
x− 1
x+ 1
, (119)
K =
[
dx+m
d(x+ 1)
]4/(α2+2)
, (120)
µ1 = d(x− 1)(1− y), (121)
µ2 = −d(x− 1)(1 + y), (122)
µ = −(dxy + z0)−
√
(dxy + z0)2 + d2(x2 − 1)(1− y2), (123)
µ∗ = −(dxy + z0) +
√
(dxy + z0)2 + d2(x2 − 1)(1− y2). (124)
Using these quantities, we can rewrite the metric components g00, g11 and
g22 in terms of x and y, and we also obtain the components gxx and gyy in
the metric:
gxx =
−d2(z0 + d)
√
Kµ√
(dxy + z0)2 + d2(x2 − 1)(1− y2)(µ1 − µ)(µ2 − µ)
, (125)
gyy =
−d2(z0 + d)
√
Kµ(x2 − 1)√
(dxy + z0)2 + d2(x2 − 1)(1− y2)(µ1 − µ)(µ2 − µ)(1− y2)
.(126)
The point z = −z0 on the z-axis in the coordinates (ρ, z) corresponds to
(−z0/d, 1) or (z0/d,−1) in the coordinates (x, y). The horizon appearing in
the interval [−d, d] on the z-axis exists in the region specified by x = 1 and
−1 < y < 1 in (x, y). The region specified by −1 < x < 1 and −1 < y < 1,
which can not be expressed by the coordinates (ρ, z), represents the inside of
the horizon. We find that a curvature singularity lies at x = −1, which can
be shown from the curvature invariant behaving as
RαβγδRαβγδ ∼ constant× z0 − dy
(x+ 1)6
. (127)
This curvature singularity is covered with the horizon of the dilaton black
ring.
We next study the asymptotic behaviors of the metric components, the
dilaton fields and the electric potential. Using
h ∼ 1− 2d√
ρ2 + z2
, (128)
K ∼ 1 + 4
α2 + 2
m− d√
ρ2 + z2
, (129)
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Figure 1: The horizon and the curvature singularity are depicted in the x-y
plane. The hatched region characterized by −1 < x < 1 and −1 < y < 1 is
inside of the horizon at x = 1.
as
√
ρ2 + z2 →∞, we have
g00 ∼ −1, g11 ∼ −z +
√
ρ2 + z2,
g22 ∼ z +
√
ρ2 + z2, f ∼ 1
2
√
ρ2 + z2
, (130)
which shows the metric becomes asymptotically flat, and the fields approach
to
Φ ∼ − 3α
2(α2 + 2)
m− d√
ρ2 + z2
, (131)
χ ∼ e√
ρ2 + z2
. (132)
From Eq. (97) we find that there is a conical singularity in [d,−z0]. In
order to get rid of the conical singularity, there can be two ways. The first
is to set d = −z0, which gets rid of the interval itself. The second is to make
△x2 = 2pi by imposing d = 0. We first compute the d = −z0 case. In this
case, the metric components g00, g11 and g22 are given by the same forms as
in Eqs. (111)-(113) with
h = −µ1µ
ρ2
, (133)
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and the component f is given by
f =
√
Kρ2(µ1 − µ)
(µ21 + ρ
2)(µ+ ρ2)
, (134)
where we have used the limit
lim
d→−z0
z0 + d
µ2 − µ = −
√
(z + z0)2 + ρ2
µ
. (135)
Introducing the hyper-spherical coordinates r and θ by
ρ =
1
2
√
(r2 − 2m)2 − 4d2 sin 2θ, (136)
z =
1
2
(r2 − 2m) cos 2θ, (137)
we have
µ = −(r2 − 2m− 2d) cos2 θ, (138)
µ∗ = (r2 − 2m+ 2d) sin2 θ, (139)
µ1 = (r
2 − 2m− 2d) sin2 θ, (140)
h =
r2 − 2m− 2d
r2 − 2m+ 2d, (141)
K =
(
r2
r2 − 2m+ 2d
)4/(α2+2)
. (142)
By using these expressions the metric components are reduced to
g00 = −r
2 − 2m− 2d
r2 − 2m+ 2d
(
r2 − 2m+ 2d
r2
)4/(α2+2)
, (143)
g11 = (r
2 − 2m+ 2d) sin2 θ
(
r2
r2 − 2m+ 2d
)2/(α2+2)
, (144)
g22 = (r
2 − 2m+ 2d) cos2 θ
(
r2
r2 − 2m+ 2d
)2/(α2+2)
, (145)
f =
r2 − 2m+ 2d
(r2 − 2m)2 − 4d2 cos2 2θ
(
r2
r2 − 2m+ 2d
)2/(α2+2)
. (146)
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Then, noting the relation
dρ2 + dz2 =
[
(r2 − 2m)2 − 4d2 cos2 2θ
] [ r2dr2
(r2 − 2m)2 − 4d2 + dθ
2
]
, (147)
we obtain
ds2 = −
[
1− 2(m+ d)
r2
]
Y −(α
2
−2)/(α2+2)(dx0)2
+
[
1− 2(m+ d)
r2
]
−1
Y −2/(α
2+2)dr2
+ Y α
2/(α2+2)r2[dθ2 + sin2 θ(dx1)2 + cos2 θ(dx2)2], (148)
where
Y = 1− 2(m− d)
r2
. (149)
This metric has an event horizon at r2 = 2(m+d) and a curvature singularity
at r2 = 2(m − d). Because this singularity is covered with the horizon, the
metric represents 5D dilaton black hole. This type of solution was first given
by Gibbons and Maeda[23]. The difference from their solution comes from
the imposition of the coordinate condition det g = −ρ2 in our solution. We
find
g00 · grr = −Y −α2/(α2+2), (150)
which does not equal to −1 showing the violation of the equivalence principle.
The extremal case obtained in the limit d = 0 has no event horizon but
curvature singularity at r2 = 2m. This should be compared with the 5D EM
case where the metric becomes the 5D Majumdar-Papapetrou-type solution.
The second possibility of removing the conical singularity is setting d = 0.
When d = 0 and z0 6= 0, we get the metric components
g00 = −K−10 , (151)
g11 = µ
∗
√
K0, (152)
g22 = −µ
√
K0, (153)
f =
√
K0
2
√
(z + z0)2 + ρ2
, (154)
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where
K0 =
(
1 +
m√
ρ2 + z2
)4/(α2+2)
. (155)
We find that the solution has a ring-like structure at z = 0, and near the
ring the metric components behave as
g00 ∼ ρ4/(α2+2), (156)
g22 ∼ ρ2(α2+1)/(α2+2). (157)
This shows that there are two eigenvectors belonging to the zero eigenvalue
for g, which leads to a curvature singularity at ρ = 0 and z = 0.
4 Summary and Discussion
In this paper we obtain an infinite number of static solutions to the 5D EMd
equations, which shows that 5D EMd equations are completely integrable
despite their apparent complexity. The solutions are specified by their soliton
numbers. We examined the 2-soliton solution in detail by studying its rod
structure. By requiring the existence of the horizon, we determined the
parameters which come in when we assume an ansatz. The rod structure of
the 2-soliton solution thus obtained is the same as those of the static black
ring case and the static charged black ring case, that is, there is a conical
singularity.
We get rid of the conical singularity by imposing some constraints between
the positions of the poles. We thus obtain the 5D dilaton black hole solution.
This solution is a comprehensive solution in a sense that the EM solution
is obtained by setting α = 0 and the static black ring solution is obtained
by setting m = d. The difference between the EMd black hole solution and
EM black hole solution arises in the extremal case where d = 0. In the
EM case, we have a 5D Majumdar-Papapetrou-type solution. On the other
hand, EMd solution has a curvature singularity and so it is not a black hole
solution. The same situation can be also found in the 4D case.
It is well known that the Majumdar-Papapetrou(MP) solution is ex-
pressed in terms of the multi black hole solution in four dimensions, but,
in the 5D case, such a solution does not exist in the EM case, and neither
in the present case with the dilaton field. In the 4D case, we can obtain
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the MP solution by imposing the extremal condition, which enables us to
remove the conical singularities aligned along the z-axis. The corresponding
condition in the present case is d = 0, by which naked singularities appear
in replacement of the vanishing of conical singularities. A possible solution
of evading conical singularities might be found in the stationary case such
as black saturn[10] and there may be a dilatonic black saturn solution in the
stationay case.
Last of all we list up the subjects which should be studied in future. In
addition to the stationary case mentioned above, the higher number of soliton
solutions need be investigated to clarify their physical meaning. Since our
construction of the solutions depend on the ansatz (56) and (57), by removing
these ansatz and allowing for an arbitrary soliton numbers for lnN2, lnN
and ln h, new type of physically interesting solutions may be found. In the
construction of n-soliton solution, we start with a vacuum solution in this
paper. When we adopt more complicated solution as the seed solution, we
might obtain some other interesting solutions.
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